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Differential Equations =

The solution is, x(LF.) = [(QxLF.)+C: xlogy = ]‘%(logy)dwc = %(Iogy)2 +C

X= lIogy+CL
2 logy

Illustration 33: Solve (x + 2y°) j—; =y

d : , . .
Sol: By reducing given equation in the form of X 4 Px = Qand then using the integration factor we can solve this.

dy
dx dx _ x+2y? de 1
X+2y) — =y=>— +2y° = x =2y’
(y)dy dyyyydyy
1
~[=d:
IF=eyy- ;

2
y
. . 1
Solutionsisx. — =y?+ C
y
Alternate method: xdy + 2y3dy = ydx

= 2ydy=M = 2ydy=d[1]:>y2=£+c
y? y y

lllustration 34: Let g(x) be a differential function for every real x and g'(0) = 2 and satisfying g(x+y) = e’g(x) +
2e*g(y) ¥V x and y. Find g(x) and its range.

g(x+h)—-g(x)

h and solving we will get g(x).

Sol: By using g'(x) = Lin‘(n)
g(x + h) - g(x)
h

m e"g(x) +2e"g(h)-g(x)
0 h

LI

. e"-1 g(h)
= g =g I|m . +2e* |In’cl] ™

> g -= 'I1| = g'(x)=g(x) + 2e*

Atx=0,9g0()=0=g(0) =
dy
dx
Solution isy.e™=2x + C
g(0)=0=C=0=g(x) = 2xe*
g'(x) = 2e* + 2xe* = 2e*(x + 1)
g(x) =0atx=-1;g(-1) = 2/e

-y=2¢e¢ = I|LF=¢e>

2
= Range of g(x) = [_E'w]

lllustration 35: Find the solution of (1 - xz) Ix +2xy xV1—x?

Sol: By reducing given equation in the form of g—i + Py = Q and then by using integration factor i.e.

ol P (ZY _,_py] = erpd" we can solve the problem.
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dy 2x _ xV1-x° s ej'pdx _ej_z—xd" 1

=+ y= IF. 1
dx  (1-x?) 1-x? 1_x2
Solutionisy. y 1 =I u ) dx+c = _[ x2 =5 dx+C —lj i 72 dx+c
1-x T 1-x1-% -x2) 2 ( _Xz)
y 1 1. -1
(1—)(2) 1—)(2 1

Figure 24.3

7.8 Equations Reducible to Linear form

(a) Bernoulli's Equation

A differential equation of the form j—y + Py = Qy", where P and Q are function of x and y is called Bernoulli's
X

equation. This form can be reduced to linear form by dividing y" and then substituting y" = v
dy
Dividing both sides by y", we get, y" 5 + Py™" = Q

d
Putting y™' = v, so that, (1 - n)y™ dz =

d_v‘ we get v +(1-n)Py =(1-n)Q

dx dx

Which is a linear differential equation

(b) If the given equation is of the form 2—)’ + P. f(y) = Qg(y), where P and Q are functions of x alone, we divide the
X

fpax _ a-Inti-x?) _ 1

equation by f(y), and then we get e -
-X

N L
ow substitute —— = v and solve.
a(y)
dy

lllustration 36: Solve v A x3y?
X

Sol: By rearranging the given equation we will get iz:—y—lx =x>and then by putting _—1=t and using the
integration factor we can solve it. y" &y y
d—y=xy+x3y2:> d—y—xy=x3y2 = id—y—lx=x3
dx dx y2 dx y
put _—1=t = d—y+txzx3
dx

.. . . . . . x2/2 xZIZ X2/2 3
This is a linear differential equation with L.F. = e => te"© = je x*dx
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lllustration 37: Find the curve such that the y intercept of the tangent is proportional to the square of ordinate of
tangent

Sol: Here X =0and Y=y -mx ie. xjy y = —ky?. Hence by putting _71 =1 and applying integration factor we

. d
will get the result.

X=0>Y=y-mx = xg_y—y:_kyz
X
ldy 11_-k
y2dx y'x
Put;1=t = -d—t+1=i
dx x x
= If=x

= Solutionistx=-kx+ C> X -kx + C
y

7.9 Change of Variable by Suitable Substitution
Following are some examples where we change the variable by substitution.

Illustration 38: Solve ysinx g—y = cosx(sinx—y?)

X
Sol: Here by putting y? = t, the given equation reduces to g£+(2cotx)t = 2cosx and then using the integration
factor method we will get result. X

ysinx 3—); = cosx(sinx—y?)

Lety? =t = lsinxﬂ = cosx (sinx —t)
2 dx

= £=2cosx—(2cotx)t = ﬂ+(2cotx)t = 2cosx
dx dx
I.F. = sin%x

= Solution is tsin?x = J'Zcos x.sin? xdx

) 2sin®x
y?sin’x = +C

lllustration 39: Solve j—y =e*Y(e*-¢Y)
X

Sol: Simply by putting e’ = t and using the integration factor we can solve the above problem.
dy _ aX-Y(aX y d—y =(e* i —-e*eY
v e’ V(e"-eY) = @y ( )

Put eV =t= ., tex = (e)%
dx
IF = el =

Solution is te® = j(e*)z.eexdx
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(¢) Now,sum both the above integrals obtained and quote it to a constant i.e. jde + J'Ndy — k,wherekis a constant.

(d) If N has no term which is free from x, the _[de = ¢ (y constant)

Following exact differentials must be remembered:

() xdy +ydx = d(xy) Gy dyoyde d(i} (i YxY d(i]
X X y y
(iv) M = d(logxy) (v) dx +dy = dlog(x +y) (vi) xdy_—yd_x = d([nx]
Xy X+ y Xy X

iy Yaxxdy _ d(cnij (viii) M = d[tanz 1] (ix) Vd%"f—" = d(tan‘l 1]

Xy y X“+y X X +y X
) d(i] _ ye'dy—e’dy

y y?

9. ORTHOGONAL TRAJECTORY

Definition 1: Two families of curves are such that each curve in either family is orthogonal (whenever they intersect)
to every curve in the other family. Each family of curves is orthogonal trajectories of the other. In case the two
families are identical then we say that the family is self-orthogonal

Slope = -1/dy/dx

Slope = dy/dx

Figure 24.4: Orthogonal trajectories

9.1 How to Find Orthogonal Trajectories

Suppose the first family of curves F(x, y, ¢) = 0 - (i)
To find the orthogonal trajectories of this family we proceed as follows. First, differentiate (i) w.rt. x to find
Glx,yy,0=0 - (i)
Now eliminate ¢ between (i) and (ii) to find the differential equation H(x, y, y') = 0 o (i)
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If we can write the differential equation in the form

f(f,(x, y) d(f,(x, y)) + o(F,(x, y)d(F,(xy)) + ...... = 0, then each term can be easily integrated separately. For
this the following results must be memorized.
() dix+y)=dx+dy (i1) d(xy) = xdy + ydx
( _ _
iy d EJ _ ydx—xdy i) d y_] _ xdy —ydx
y y2 X W2
(2 2 2 a2
Vv d x| 2><ydx2 x“dy v d Yo xydx 2y dx
(2 2 2 2 2
wi) d| % |= 2y dx'fx ydy i) d[ ¥ |= "yd"'f"y L.
y y X Y, X
\
(x) d|tan™ EJ:M 0  dltantd :M
\ y X" +y X) x"+y
xdy + ydx ( ) _
(i) dlloghy)] = ——2— i) d |og[i] _ ydx-xdy
Xy L \Y Xy
1 2 32 xdx + ydy . | [y] xdy — ydx
d =l =—7" d|log| = || = —/—Z—
(xiii) 2 og(x +y )} 1y (xiv) _ g ” Xy
X X X
(xv) d _ij:—*dygg’d" (i) o & |cYERxoedy
XY X7y y y
y Ydv — Y
. e_J:w i) oy = X1y (yee + )
X X
(xix) gdt .t (xx) d llogxer _ Xdy - ydx
dx x X-y x? —y?
1-n
d| f(x, f'(x,
(xxi) [( y)} = ( y) (xxii) d[l—l]zd(lJ—d(lng—d—y
B (o) )Wy
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The differential equation for the other family is obtained by replacing y' with —1/y". Hence, the differential equation
the orthogonal trajectories is H(x, y, —1/y") =0 . (iv)

General solution of (iv) gives the required orthogonal trajectories.

lllustration 40: Find the orthogonal trajectories of a family of straight lines through the origin.
Sol: Here as we know, a family of straight lines through the origin is given by y = mx.

Hence by differentiating it with respect to x and eliminating m we will get an ODE of this family and by putting -1/y’
in place of y' we will get an ODE for the orthogonal family.

The ODE for this family isxy' -y = 0
The ODE for the orthogonal family is x + yy' = 0

Integrating we find x® + y? = ¢, which are family of circles with center at the origin.

10. CLAIRAUT'S EQUATION

The differential equation

y = mx + f(m), - ()

dy . . .
where m = d—i is known as Clairaut's equation.

To solve (i), differentiate it w.r.t. x, which gives

dy dm df(m)

dx m* dx * dx
dm ., .dm

= Xa+f () vl 0

s dm i

either — =0=>m=c . (i)
dx

or x+f()=0 ... (iii)
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